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Abstract 
An exact solution of the antiplane problem for a semi-infinite interface crack in a piecewise-homogeneous wedge under a 
self-balanced load on its sides has been obtained. Three types of boundary conditions on the wedge sides were examined: the 
both sides being stress-free; both sides being clamped, and one side being stress-free with the second one clamped. As a result 
of using the Wiener–Hopf method, the solution was represented in quadratures. Green’s functions were obtained for stress 
intensity factors; in the case of a geometrically symmetrical wedge structure simple formulae were found for these functions. 
The stress singularity in the apex of the wedge was studied. In contrast to the homogeneous wedge structure the asymptotic of 
the stresses near the apex was established to have sometimes two singular terms for some values of the composite parameters. 
Copyright © 2016, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license. ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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 Introduction 
Stress fields under antiplane deformation of wedge-
like areas containing defects such as cracks have been
discussed in a number of studies. The interest in
this problem, aside from its own significance, is con-
nected, for example, with the emergence and propa-
gation of cracks in the area of high concentration of
stresses near the tip of a sharp notch. Typically, finite-
length cracks oriented along the interface of heteroge-
neous materials of the composite, both isotropic and
anisotropic, are examined in the literature. 
One of the first works in this direction was the pa-
per by Erdogan and Gupta [1] , which considered an
interface crack in a composite wedge, obtained a sin-
gular integral equation and used a numerical methodE-mail address: victikh@mail.ru . 
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(Peer review under responsibility of St. Petersburg Polytechnic University)for solving it. Ref. [2] constructed an exact solution
for the case of multiple collinear cracks located on
the symmetry axis of an isotropic wedge. Shahani
[3] analyzed a crack emanating from the vertex of an
anisotropic wedge. Based on the dislocation method,
Faal et al. [4] derived a system of singular integral
equations for several arbitrarily oriented cracks in an
isotropic wedge and developed a numerical proce-
dure for solving this system. Wu et al. [5] studied
by the method of complex potentials the equilibrium
of a wedge consisting of two transversely isotropic
piezoelectric materials with an interfacial finite-length
crack. 
Ref. [6] established that the solution for the an-
tiplane problem with an anisotropic composite wedge
can be obtained from the solution for the respective
problem with isotropic materials, by converting the po-
lar coordinates. For this reason, the solutions obtainedction and hosting by Elsevier B.V. This is an open access article 
nc-nd/4.0/ ) 
. 
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Fig. 1. Bimaterial wedge with an interfacial a semi-infinite crack: 
1 and 2 are the areas of the material with the shear moduli μ1 
and μ2 ; α1 , α2 , θ and r are the geometric parameters; g ( r ) is the 
self-balanced load applied to the crack edges. for the isotropic components of the composite are of 
particular importance. 
An effective method for constructing exact solu- 
tions for this type of problems was demonstrated in 
the works of Beom and Jang [7,8] for an interfacial 
crack and a crack lying outside the interface. In the 
case of wedge faces loaded by the concentrated forces, 
the authors reduced the problem to a scalar Wiener–
Hopf equation. However, the method of infinite prod- 
ucts was used in solving this equation for the fac- 
torization of functions, which somewhat reduces the 
efficiency of the approach. 
The present study investigated the equilibrium of 
a piecewise-homogeneous wedge with a semi-infinite 
interfacial mode III crack with a self-balanced load 
applied at the sides. Three variants of the boundary 
conditions at the sides of the wedge are discussed: 
(1) both sides are stress-free; 
(2) both sides are clamped; 
(3) one side is free, and the other is clamped. 
Each of the variants reduces this problem, by us- 
ing the integral Mellin transform, to the Riemann 
problem [9] . Its exact solution in quadratures has 
been constructed based on the procedure developed 
in [10] . Function factorization was performed using 
the Cauchy-type integrals. The simplest formulae for 
the stress intensity factor (SIF) at the crack tip have 
been obtained in the case of a geometrically symmetric 
structure of the composite. We have examined limiting 
situations where the relative hardness of the compos- 
ite tends to zero or to infinity and studied the stress 
singularity of the stresses in the vertex of the wedge. 
It turns out that, unlike the case of a homogeneous 
material, the stress asymptotics near this singular point 
may contain two singular terms for certain parameter 
values of the composite. The previous studies on this 
subject have not mentioned this fact [11,12] . 
Setting the problem and reducing it to Riemann’s 
problem 
Let us examine a semi-infinite mode III interfacial 
crack between two inhomogenous wedges with angles 
α1 and α2 ( Fig. 1 ). Let us assume the materials of 
the wedges in the areas 1 and 2 to be isotropic, 
homogeneous and having shear moduli μ1 and μ2 . The 
contact of the materials outside the crack is assumed 
to be ideal. Without loss of generality, we are going to 
suppose that the crack tip is located at a unit length’s 
distance from the vertex of the composite wedge. A self-balanced load g ( r ) is applied to the sides of the 
crack ( r is the polar radius). 
It is known that the displacements w j in the areas 
1 and 2 in this case are harmonic functions: 
∂ 2 w j 
∂ r 2 
+ 1 
r 2 
∂ 2 w j 
∂ θ2 
+ 1 
r 
∂ w j 
∂r 
= 0 ( j = 1 , 2) , (1) 
and the stresses in polar coordinates r and θ are de- 
termined by the formulae 
τθz j = μ j 
r 
∂ w j 
∂θ
, τrz j = μ j ∂ w j 
∂r 
. (2) 
The stresses and the displacements on the line θ = 
0 satisfy the conditions 
τθz1 (r, +0) = τθz2 (r, −0) , 
w 1 (r, +0) = w 2 (r, −0) (0 ≤ r ≤ 1) 
τθz1 (r, +0) = τθz2 (r, −0) = g(r) (1 ≤ r < ∞ ) (3) 
Let us consider three variants of the boundary con- 
ditions on the wedge faces 
Problem 1. 
τθz1 (r, α1 ) = τθz1 (r, −α2 ) = 0 (4) 
Problem 2. 
w 1 (r, α1 ) = w 2 (r, −α2 ) = 0 (5) 
Problem 3. 
τθz1 (r, α1 ) = 0, w 2 (r, −α2 ) = 0 (6) 
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 The solution for each problem can be found in the
form of Mellin integrals ( n is the number of the prob-
lem): 
w jn (r, θ ) = 1 2π i 
∫ 
L 
W jn (p, θ ) r −p d p 
( j = 1 , 2; n = 1 , 2, 3) , 
τθz jn (r, θ ) = 1 2π i 
∫ 
L 
T θz jn (p, θ ) r −p−1 d p , 
τrz jn (r, θ ) = 1 2π i 
∫ 
L 
T rz jn (p, θ ) r −p−1 d p , (7)
where the transforms for the displacements and
stresses are, according to equalities ( 1 ) and ( 2 ), de-
termined by the following formulae: 
W jn (p, θ ) = A jn (p) sin pθ + B jn (p) cos pθ;
T θz jn (p, θ ) = μ j p[ A jn (p) cos pθ − B jn (p) sin pθ ] ;
T rz jn (p, θ ) = −μ j p[ A jn (p) sin pθ + B jn (p) cos pθ ] . 
(8)
According to the regularity conditions, the integra-
tion contour L is parallel to the imaginary axis in the
strip 
−ε < Re p < δ (ε, δ > 0) . 
The quantities A jn (p) and B jn (p) are found from
equalities ( 3 ) and conditions ( 4 )–( 6 ) corresponding to
the problem under consideration. 
From conditions ( 3 ), taking into account represen-
tations ( 7 ) and ( 8 ), we obtain: 
μ1 p A 1 n (p) = μ2 p A 2n (p) = T n+ (p) + G −(p) , 
−p[ B 1 n (p) − B 2n (p)] = U n−(p) , 
where 
T n+ (p) = 
∫ 1 
0 
τθz1 n (r, +0) r p dr , 
G −(p) = 
∫ ∞ 
1 
g(r ) r p dr , 
 n−(p) = 
∫ ∞ 
1 
∂ 
∂r 
[ w 1 n (r, +0) − w 2n (r, −0)] r p dr . 
The functions G −(p) and U n−(p) are regular and
have no zeroes in the half-plane − left from the con-
tour L , while T n+ (p) have no zeroes in the right half-
plane + [ 13 ]. 
Using the boundary conditions ( 4 )–( 6 ) on the sides
of the wedge, we arrive at inhomogeneous scalar Rie-
mann problems [9] : 
F n (p)[ T n+ (p) + G −(p)] − q μ2 U n−(p) = 0 (9)
(p ∈ L; n = 1 , 2, 3) .  Here q = (−1) n , an imaginary axis can be taken as
a contour L , and the functions F n (p) take the form 
F 1 (p) = μ ctg p α1 + ctg p α2 ;
F 2 (p) = μ tg p α1 + tg p α2 ;
F 3 (p) = μ ctg p α1 − tg p α2 . 
(10)
The constant μ = μ2 / μ1 that is a part of these for-
mulae is the relative hardness of the composite, which
can vary from zero to infinity. 
The solution of the Riemann problems 
The key point in solving problems ( 9 ) is the factor-
ization of functions. Let us represent their coefficients
( 10 ) in the form 
F n (p) = (1 + μ) p q M n (p) , (11)
M n (p) = X −q (p) 
n (p) , X (p) = pctgp α1 , 
where 

1 (p) = (1 + μ) −1 (μ + t gp α1 ct gp α2 ) ;

2 (p) = (1 + μ) −1 (μ + ct gp α1 t gp α2 ) ;

3 (p) = (1 + μ) −1 (μ − t gp α1 t gp α2 ) . 
(12)
The factorization of the function X ( p ) is performed
elementarily [13] : 
X (p) = X + (p) 
X −(p) 
, X ±(p) = 
√ 
π
α1 
(1 ± p α1 / π) 
( 1 / 2 ± p α1 / π) , 
(13)
where (x) is the gamma function. 
On an imaginary axis and with p = it , functions ( 12 )
are continuous, have no zeroes or poles, their index
equals zero, and at t → ∞ they exponentially tend
to unity. Therefore, the following equalities hold true
[10,13] : 

n (p) = 
n+ (p) 

n−(p) 
, 

n±(p) = exp 
[
− 1 
2π i 
∫ 
L 
ln 
n (t ) 
t − p dt 
]
(p / ∈ L) . (14)
Since functions ( 12 ) are even, the analytical func-
tions in the areas + and − can be represented in
the form 

n±(p) = exp 
[
p 
π
∫ ∞ 
0 
ln 
n (iξ ) 
ξ 2 + p 2 dξ
]
. 
Therefore, 
M n (p) = M n+ (p) M −1 n− (p) , M n±(p) = X ±q (p) 
n±(p) . 
(15)
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 k1 ) G −
 G −( t k
 As a result of using formulae ( 11 ) and ( 13 )–( 15 ), 
rearranging the terms in Eqs. (9) and applying Liou- 
ville’s theorem [13] , we obtain: 
M n+ (p) T + (p) + Q n+ (p) 
= q μ2 (1 + μ) −1 p −q M n−(p) U −(p) 
− Q n−(p) = J n (p) , (16) 
where 
Q n±(p) = ∓ 1 2π i 
∫ 
L 
Q n (t ) 
t − p dt , 
Q n (t ) = M n−(t ) 
(1 + μ) t q F n ( t ) G −( t ) . (17) 
It follows from the estimates of the terms in equal- 
ity ( 16 ) at p → ∞ that the analytic functions J n (p) = 
const = C n , and C 2 = 0. 
The constants C 1 and C 3 can be found from Eq. 
(16) at the value of p = 0. In view of formulae ( 17 ), 
we obtain: 
 n = M n+ (0) G −(0) − 1 2π i(1 + μ) 
×
∫ 
L 
M n−(t ) F n (t ) G −(t ) dt (n = 1 , 3) . (18) 
Let us write functions ( 10 ) in Problems 1 and 3 in 
the form 
F n (t ) = (1 + μ) n (t ) / f n (t ) , (19) 
1 (t ) = sin ( α1 + α2 ) t + m sin ( α1 − α2 ) t, 
3 (t ) = cos ( α1 + α2 ) t − m cos ( α1 − α2 ) t;
f 1 (t ) = 2 sin t α1 sin t α2 ;
f 3 (t ) = 2 sin t α1 cos t α2 . 
(20) 
Formulae ( 20 ) include the bielastic constant m = 
(1 − μ) / (1 + μ) . This quantity satisfies the inequality 
| m| ≤ 1 for all combinations of shear moduli of the 
materials, with the value m = 0 corresponding to the 
homogeneous medium. 
It follows from representations ( 19 ) that the inte- 
grands in formulae ( 18 ) have in the half-plane −
poles in the points t k1 = −πk / α1 and t k2 = −πk / α2 
(k = 1 , 2, ... ) in Problem 1 , and in the points t k1 and 
s k2 = −π(2k − 1) / (2 α2 ) in Problem 3 . Then, using 
the residue theorem, we obtain: 
C 1 = −
√ 
α1 + μα2 
α1 α2 (1 + μ) G −(0) −
1 
1 + μ
[
μ
α1 
∞ ∑ 
k=1 
M 1 −( t
C 3 = −
√ 
μ
α1 (1 + μ) G −(0) −
1 
1 + μ
[
μ
α1 
∞ ∑ 
k=1 
M 3 −( t k1 )( t k1 ) + 1 
α2 
∞ ∑ 
k=1 
M 1 −( t k2 ) G −( t k2 ) 
]
, 
1 ) + 1 
α2 
∞ ∑ 
k=1 
M 3 −( s k2 ) G −( s k2 ) 
]
. 
(21) 
From Eq. (16) for n = 1, 3 we obtain: 
T n+ (p) = [ C n − Q n+ (p)] X −1 + (p)
−1 n+ (p) . (22) 
At p → ∞ , according to formulae ( 13 ), ( 14 )
and ( 17 ), the estimates X + (p) = O( p 1 / 2 ) , 
n±(p) = 
O(1) , Q n+ (p) = O( p −1 ) hold true. 
Consequently, representation ( 22 ) leads to the 
asymptote 
T n+ (p) ∼ C n p −1 / 2 (p → ∞ ) . 
From here, according to the Abel-type theorem 
[13] , we conclude that the stress asymptote at r → 
1 − 0 has the form 
τθzn1 (r, 0) ∼ C n √ 
π(1 − r) ( n = 1 , 3) . (23) 
In Problem 2 we find from Eq. (16) 
T 2+ (p) = −X + (p)
−1 2+ (p) Q 2+ (p) . 
From here, we obtain that T 2+ (p) ∼ −B p −1 / 2 at 
p → ∞ , where 
B = 1 
2π i(1 + μ) 
∫ 
L 
F 2 (t ) 
t 

2−(t ) 
X −(t ) 
G −(t ) dt , 
F 2 (t ) = (1 + μ) 2 (t ) / f 2 (t ) , (24) 
2 (t ) = sin ( α1 + α2 ) t − m sin ( α1 − α2 ) t, (25) 
f 2 (t ) = 2 cos t α1 cos tα2 . 
Then, similarly to the previous cases, we have for 
Problem 2: 
τθz21 (r, 0) ∼ − B √ 
π(1 − r) (r → 1 − 0) . (26) 
As a result of applying the residue theorem, the 
constant B can be represented as 
B = 2 
π(1 + μ) 
2 ∑ 
j=1 
∞ ∑ 
k=1 
β j 
2−( s k j ) G −( s k j ) 
(2k − 1) X −( s k j ) , (27) 
β1 = μ, β2 = 1 , 
s k j = −π(2k − 1) / (2 α j ) (k = 1 , 2, ... ) . 
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of relative hardness in Problem 3. Stress intensity factors 
Let us determine the stress intensity factor (SIF) in
the crack tip for each problem through the formula 
K (n) I I I = lim 
r→ 1 −0 
√ 
2πr τθz1 n (r, 0) . 
Then, using asymptotes ( 23 ) and ( 26 ), we obtain: 
K (n) I I I ( α1 , α2 , μ) = 
√ 
2 C n (n = 1 , 3) , 
K (2) I I I ( α1 , α2 , μ) = −
√ 
2 B. (28)
For the case of a geometrically symmetric wedge,
the SIF formulae in Problems 1 and 2 are significantly
simplified. At α1 = α2 = α it follows from formulae
( 12 ) that 
1 (p) = 
2 (p) = 1 and, consequently, ac-
cording to ( 14 ), 
n±(p) = 1 ( n = 1,2). Taking into ac-
count equalities ( 13 ), ( 15 ), ( 21 ) and ( 27 ), as a result
we obtain from ( 28 ): 
K (1) I I I (α, α, μ) = K (1) I I I ∗(α) 
= −
√ 
2 
α
[ 
G −(0) + 
∞ ∑ 
k=1 
(2k − 1)!! 
2 k k! 
G −(−πk 
α
) 
] 
, 
K (2) I I I (α, α, μ) = K (2) I I I ∗(α) 
= −
√ 
2 
α
∞ ∑ 
k=0 
(2k − 1)!! 
2 k k! 
G −(− π2α (2k + 1)) . (29)
It follows from here that, for a geometrically sym-
metric wedge with identical boundary conditions at its
faces, SIF in the crack tip does not depend on the rel-
ative hardness of the materials and is identical to the
SIF for a homogeneous wedge. 
If concentrated forces T 0 are applied to the edges
of the crack at a distance r 0 > 1 from the vertex of
the wedge, i.e., g(r) = −T 0 δ(r − r 0 ) (δ(r − r 0 ) is the
delta function), then G −(p) = −T 0 r p 0 . Then the series
in ( 29 ) are summed up, and we obtain simple repre-
sentations for the SIF 
K (1) I I I ∗ = T 0 
√ 
2 
α
r 
π/ (2α) 
0 √ 
r 
π/α
0 − 1 
, 
K (2) I I I ∗ = T 0 
√ 
2 
α
1 √ 
r 
π/α
0 − 1 
. (30)
Since K (1) I I I ∗/ K 
(2) 
I I I ∗ = r 
π/ (2α) 
0 > 1 at r 0 > 1 and 0 <
α ≤ π , the SIF in the crack tip for the wedge with
free faces always exceeds the value for the case of
clamped wedge faces. 
In particular, at n = 1 and α = π we obtain the
problem on the interaction of two collinear cracks witha point load applied to one of them. In this case 
K (1) I I I = T 0 
√ 
2 r 0 / [ π( r 0 − 1)] . 
In Problem 2 at α = π a semi-infinite interfacial
crack interacts with a semi-infinite hard inclusion. Ac-
cording to ( 30 ), for the SIF in the crack tip we obtain 
K (2) I I I = T 0 
√ 
2/ [ π( r 0 − 1)] . 
Returning to the general case α1 
 = α2 , let us find
the SIF asymptotes for the limit values of the compos-
ite’s relative hardness. By letting μ tend to infinity and
using formulae ( 21 ), ( 27 ) and ( 28 ), and the notations
( 29 ), we obtain: 
K (1) I I I → K (1) I I I ∗( α1 ) , K (2) I I I → K (2) I I I ∗( α1 ) , 
K (3) I I I → K (1) I I I ∗( α1 ) (μ → ∞ ) . (31)
Thus, the SIFs in each of the asymptotic prob-
lems are determined by the respective expressions for
the case of a geometrically symmetric homogeneous
wedge with an angle equal to 2 α1 , while the SIF
limit values are identical for high relative hardnesses
in Problems 1 and 3. 
When the parameter μ is close to zero, we will
have: 
K (1) I I I → K (1) I I I ∗( α2 ) , K (2) I I I → K (2) I I I ∗( α2 ) , 
K (3) I I I → K (2) I I I ∗( α2 ) (μ → 0) . (32)
From here it follows that in the case of a low rela-
tive hardness of the composite, the SIF limit values are
expressed by formulae ( 29 ) for a homogeneous wedge
at α = α2 . Notice that asymptotes ( 31 ) and ( 32 ) can
also be obtained by solving the limiting problems for
( 9 ) occurring at μ → ∞ and μ → 0. 
Let us introduce normalized SIFs 
N (n) = K (n) I I I ( α1 , α2 , μ) / K (n) I I I ( α1 , α2 , 1) 
reflecting the influence that the inhomogeneity of the
composite structure has on the SIF. 
Fig. 2 shows the curves of the normalized SIFs
in the tip of a crack loaded with concentrated forces,
at α1 = π /2, α2 = 3 π /2 and r 0 = 4, versus the relative
hardness parameter of the wedge. With this choice of
angles, Problem 1 corresponds to the case of the inter-
action between two orthogonal cracks, Problem 2 to
that between a crack and a hard inclusion and Problem
3 to that of a crack and a detached hard inclusion. The
data presented indicates that the inhomogeneity of the
composite can cause the SIF to both increase and de-
crease in comparison with the homogeneous medium.
These effects are the strongest at low and high values
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Fig. 2. Normalized SIF versus shear modulus μ in the tip of the crack located in the composite plane at α1 = π /2, α2 = 3 π /2 and r 0 = 4; the 
numbers of curves correspond to the numbers of problems. 
Y
 Stress fields near the wedge vertex 
Let us examine the stress fields in the vertex of the 
wedge at r → 0. Based on formulae ( 7 ) and conditions 
( 3 ), the tangential stresses on the line θ = 0 have the 
form 
τθz jn (r, 0) = 1 2π i 
∫ 
L 
[ T n+ (p) + G −(p)] r −p−1 d p . (33) 
Using Eqs. (15) and ( 16 ), the expression for the 
integrand can be written as follows: 
T n+ (p) + G −(p) = (1 + μ) p q C n + Q n−(p) M n−(p) F n (p) 
(n = 1 , 2, 3) . 
Then, in view of representations ( 19 ) and ( 24 ), for- 
mula ( 33 ) takes the form 
τθz jn (r, 0) = 1 2π i 
∫ 
L 
Y n (p) 
f n (p) 
n (p) 
r −p−1 d p , 
where 
 n (p) = [ C n + Q n−(p)] p q M −1 n− (p) . 
As a result of applying the residue theorem to the 
poles determined by the negative roots −p (n) k of the 
equations (see ( 20 ) and ( 25 )) 
n (p, α1 , α2 , m) = 0, (34) we obtain: 
τθz jn (r, 0) = 
∞ ∑ 
k=0 
D nk ( α1 , α2 , μ) r −λ
(n) 
k (λ
(n) 
k = 1 − p (n) k ) . 
(35) 
The coefficients of this series are found from the 
formulae 
D nk ( α1 , α2 , μ) = Y n (−p (n) k ) f n (p (n) k ) / ′ n (p (n) k ) , 
where 
′ n (p) = d n (p) / d p . 
It follows from ( 35 ) that the singular stress fields 
near the wedge vertex are generated by the roots of 
Eqs. (34) , located in the strip 0 < Re p (n) k < 1 . Similar
to the calculations presented in [10] , we can demon- 
strate that all of the p (n) k numbers in this strip are real 
and single. Functions ( 20 ) and ( 25 ) have the following 
properties: 
1 (p, α1 , α2 , m) = 1 (p, α2 , α1 , −m) ; (36) 
2 (p, α1 , α2 , m) = 1 (p, α1 , α2 , −m) ; (37) 
3 (p, α1 , α2 , m) = 3 (p, α2 , α1 , m) . (38) 
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Fig. 3. First two roots of Eqs. (34) versus the α1 angle at α1 + α2 = 2 π in Problem 1 (a) and Problem 3 (b) for different values of the relative 
hardness μ: 2 (curves 1 and 1 ′ ), 10 (2 and 2 ′ ), 100 (3 and 3 ′ ), 0.5 (4 and 4 ′ ), 0.1 (5 and 5 ′ ), 0.01 (6 and 6 ′ ) (curves corresponding to the 
second root are marked with a prime). 
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 It follows from equalities ( 36 ) and ( 38 ) that in 
Problems 1 and 3 , it is sufficient to consider, for exam- 
ple, the roots of Eqs. (34) at α1 < α2 for −1 < m < 1 . 
Due to property ( 37 ) the roots in Problem 2 are iden- 
tical to the roots in Problem 1 if the parameter m is 
substituted by −m . 
As we are not going to analyze the roots of Eqs. 
(34) in detail in this paper, let us note only some 
of the properties of the roots located in the (0, 1) 
interval. Depending on the parameters of the com- 
posite structure, Eqs. (34) may have either no roots, 
or one, or two roots in this interval. These roots 
can generate both weak (0 < λ(n) k < 0. 5) and strong 
(0. 5 < λ(n) 1 < 1) singularities in the wedge vertex. If 
there are two roots in the interval, only one of the two 
situations is possible: either 0. 5 < p (n) 1 < p 
(n) 
2 < 1 or 
0 < p (n) 1 < 0. 5 < p 
(n) 
2 < 1 . In other words, such root 
distributions in the interval cause either two weak 
stress field singularities at r → 0, or a strong and a 
weak one. The existence of two strong singularities in 
the stress asymptote is impossible. 
There are no singular terms in Problems 1 and 2 in 
stress representations ( 35 ) for example, at any m ∈ 
(−1 , 1) for the apex angles of the wedge that do not 
exceed π/ 2 . In Problem 3 , a similar situation occurs 
for the angles in the same interval at m ≤ 0. 
For geometrically symmetric composite wedges 
( α1 = α2 = α) in Problems 1 and 2, Eqs. (34) have 
only one root in the (0, 1) interval, if α > π/ 2 . This 
root does not depend on the bielastic constant and 
is identical to the root for the homogeneous wedge 
p (n) 1 = π/ (2α) . In Problem 3 , here are three pos- 
sibilities for this case. Firstly, for the angles α ≤
α∗ = 0. 5 arccos m, there are no roots smaller than 
unity. Secondly, for the angles satisfying the inequal- 
ity α∗ < α ≤ π − α∗, there is one root in the interval 
in question. Finally, for the angles π − α∗ < α ≤ π , 
the stresses in the angular point of the wedge contain 
two singular terms generated by the roots 
p (3) 1 = arccos m / (2α) , p (3) 2 = π/ α− arccos m / (2α) . 
Fig. 3 a shows the plots of the first two roots of 
Eq. (34) in Problem 1 versus the α1 angle for differ- 
ent values of the relative hardness, when the compos- 
ite medium occupies the entire ( α1 + α2 = 2π) plane, 
and contains two interfacial cracks. At 0 < μ < 1 (the 
bielastic constant m > 0), Eq. (34) has two roots in the 
(0, 1) interval: 0 < p (1) 1 < 0. 5 < p (1) 2 < 1 if 0 < α1 <
π/ 2 , and one root 0 < p (1) 1 ≤ 0. 5 if π/ 2 < α1 ≤ π . In 
the case when μ > 1 (m < 0) the roots exceed 0.5 in 
the entire variation range of the α1 angle. This means that the stress asymptote in tip of the crack coinciding 
with the angular point of the interface may contain 
one or two singular terms. The singularity exponent 
is different from the conventional value of 0.5. The 
conventional result is retained for two collinear cracks 
(α = π) . 
Problem 3 for α1 + α2 = 2π is the problem with 
a composite elastic plane containing a semi-infinite 
crack and debonded semi-infinite hard inclusion. In 
this case, for all values of relative hardness of the 
composite μ ∈ (0, ∞ ) , Eq. (34) has two roots (see 
Fig. 3 b) generating a strong and a weak stress singu- 
larity in the wedge vertex in the whole variation range 
of the α1 angle. 
Conclusion 
This paper has, using the Wiener–Hopf method, ob- 
tained an exact solution for the problem on the equilib- 
rium of the bimaterial wedge weakened by the semi- 
infinite interfacial antiplane crack, with three types 
of boundary conditions imposed on its faces. For the 
geometrically symmetric composite with concentrated 
forces applied to the edges of the crack, we have found 
simple algebraic representations of Green’s functions 
for the stress intensity factors. We have studied the 
stress singularity in the vertex of the wedge. In con- 
trast to the homogeneous wedge, the stress asymptote 
in the vertex of the wedge can contain two singu- 
lar terms for some parameter values of the inhomoge- 
neous structure. 
This approach allows to obtain exact solutions both 
for the case of a load applied to the faces of the wedge, 
and for the wedge with a cut emanating from its 
vertex. 
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